SIZE EFFECTS ON QUASISTATIC GROWTH OF FRACTURES 
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Abstract. We perform an analysis of the size effect for quasistatic growth of fractures 
in linearly isotropic elastic bodies under antiplanar shear. In the framework of the 
variational model proposed by G.A. Francfort and J. -J. Marigo in |14| . we prove that if 
the size of the body tends to infinity, and even if the surface energy is of cohesive form, 
under suitable boundary displacements the fracture propagates following the Griffith's 
functional. 
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1. Introduction 

A well known fact in fracture mechanics is that ductility is also influenced by the size of the 
structure, and in particular the structure tends to become brittle if its size increases (see for 
example [S| , and references therein) . The aim of this paper is to capture this fact for the problem 
of quasistatic growth of fractures in linearly elastic bodies in the framework of the variational 
theory of crack propagation formulated by Francfort and Marigo in j2I • 

The model proposed in ^1] is inspired to classical Griffith's criterion and determines the evolu- 
tion of the fracture through a competition between volume and surface energies. Let us illustrate 
it and the variant we investigate in the case of generalized antiplanar shear. 

Let J7 C M.^ be open, bounded, and with Lipschitz boundary. A fracture F C 17 is any 
rectifiable set, and a displacement u is any function defined almost everywhere in f2 whose set of 
discontinuities S{u) is contained in F (we will make precise the functional setting later). The total 
energy of the configuration (u, F) is given by 



(1.1) 



\wu\''dx + n^-\T) 



The first term in implies that we assume to apply linearized elasticity in the unbroken part 
of ri. The second term can be considered as the work done to create F. 
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As suggested in j^, more general fracture energies can be considered in Hl.l|l . especially those 
of Barenblatt's type ^ , and here we consider energies of the form 

(1.2) ^^(|M|(x))dH^-i(x), 

where [u](x) := u'^{x) — u~(x) is the difference of the traces of u on both sides of F, and f : 
[0, +oo[^ [0, +oo[ (which depends on the material) is such that (p{0) = 0. In order to get a 
physical interpretation of (|1.2(l . let us set a := (p': we interpret (T(|[u]|(a;)) as density of force in x 
that act between the two lips of the crack F whose displacement are (x) and u~ (x) respectively. 
Typically a is decreasing, and cr(s) — for s > s: this means that the interaction between the two 
lips of the fracture decreases as the opening increases, and disappear when the opening is greater 
than a critical length s. As a consequence, tp is increasing and concave, and (p(s) is constant 
for s > s. We will then consider ip increasing, concave, with (/?(0) = 0, c = (p'{0) < +oo, and 
linis^+oo = 1. We can interpret 

^^(|M|(x))dH^-i(x) 

as the work made to create F with an opening given by [u] . Assuming linearized elasticity to hold 
in r2 \ F, we consider a total energy of the form 

(1.3) \\\/u\\' + l^^{\[u]\)dn^~\ 

where |j • || denotes the norm. The problem of irreversible quasistatic growth of fractures in the 
cohesive case can be addressed through a time discretization process in analogy to what proposed 
in for the energy (|l.l|l . 

Let g{t) be a time dependent boundary displacement defined on do^ C dft with t G [0, T]. Let 
(5 > and let Is := {0 = tf, < t{ < ■ ■ ■ < t%^ ^ T} be a subdivision of [0, T] with ma.x{tf_^_^-t{) < 6, 
and let gf :— g{tf). Let us consider a preexisting crack configuration (f,'0), with a positive 
function on f : this means that Jp V?('0) dH^~^ is the work done on the fracture f before we apply 
the boundary displacement g{t). At time t — Q wg consider Uq as a minimum of 

(1.4) \\yu\\^+[ ^(|[u]|V^)dH^-i. 

JS9(o)(«)ur 

Here 5'9(o)(m) S{u) U {x G do^ : u{x) 7^ 5(0) (a:)}, and for all x G we consider [u]{x) :— 
g{x) — u{x), where ii is the trace of u on dfl. Moreover we intend that ^ = outside F. We define 
the fracture F^ at time i = as S'^f^^u^) U f . We also set -00 := ■0 V {[uf^W on Fg. The presence 
of 59(°)(u) in 1)1.4(1 indicates that the points at which the boundary displacement is not attained 
are considered as a part of the fracture. Notice moreover that problem 11.4|l takes into account 
an irreversibility condition assumption in the growth of the fracture. Indeed, while on 5*9 (it) \ f 
the surface energy which comes in minimization of H1.4|l is exactly as in (O, on 59(°)(m) n f 
the surface energy involved takes into account the previous work made on F. The surface energy 
is of the form of (|1.2|l only if |[u]| > that is only if the opening is increased. If < '0 no 
energy is gained, that is displacements of this form along the fracture are in a sense surface energy 
free. Notice finally that the irreversibility condition involves only the modulus of [u\: this is an 
assumption which is reasonable since we are considering only antiplanar displacement. Clearly 
more complex irreversibility conditions can be formulated, involving for example a partial release 
of energy: the one we study is the first straightforward extension of the irreversibility condition 
given in for the energy 1(1. l|l . 

Supposing to have constructed F* and ^pf at time tf, we consider a minimum uf^-^ of the problem 

(1.5) \\\7ur+ [ ^(|M|V0,f)dH^-i 
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and define Vf^^ rf U S'f(*'+i)(-uf+i) and -ipf^^ := ijjf V |[-itf+i]| on Vf^^. As noted previously, 
problem (|1.5|l involves an irreversibility condition: the surface energy density on Tf increases only 
where > ipf. 

The discrete in time evolution of the fracture relative to the boundary datum g{t), the subdi- 
vision Is, the initial crack configuration (f , -0) is given by {{uf, Vf, tpf) : i — 0, . . . , Ns}. 

The irreversible quasistatic evolution of fracture relative to the boundary datum g(t) and the 
initial crack configuration (f,^/)) is obtained as a limit for (5 — of {u^{t),T^{t),tp^{t)), where 
u'{t):=uf,T'{t):^Tf and it) ■.= t^ffoitf<t<tf+,. 

This program has been studied in detail in several papers in the case tp = 1, that is for energy 
of the form A first mathematical formulation has been given in where the authors 

consider the case of dimension N = 2 and fractures which are compact and with a uniform bound 
on the number of connected components. This analysis has been extended to the case of plane 
elasticity in [5]. In |13| the authors consider the general dimension N, and remove the bound on 
the number of the connected components of the fractures: the key point is to introduce a weak 
formulation of the problem considering displacements in the space SBV (see Section Finally 
in 2J the authors treat the case of finite elasticity not restricted to antiplanar shear, with volume 
energy depending on the full gradient under suitable growth condition, and in presence of volume 
forces and traction forces: the appropriate functional space for the displacements is now GSBV 
(see for example ^ for a precise definition). 

In all these papers (221jE1)C31)EI)j the analysis of the limit reveals three basic properties 
(irreversibility, minimality and nondissipativity, see Theorem 12. 2|l which are taken as definition of 
irreversible quasistatic growth of brittle fractures: the time discretization procedure is considered 
as a privileged way to get an existence result. 

In the case of energy (|1.3() . several difhculties arise in the analysis of the discrete in time 
evolution, and in the analysis as (5 ^ 0. In Section O we prove that the functional space we need 
for the step by step minimization is the space of functions with bounded variation BV (see Section 
121): moreover we prove that a relaxed version of (|1.3|l has to be employed, namely 

(1.6) / /(Vu)da;+ / ^{\[u]\y i^) dJi.^-^ + a\D''u\{n), 

Jq Jr 

where a = ip'{0), f is defined in (|3.5|l . and D'^u indicates the Cantorian part of the derivative 
of u. An existence result for discrete in time evolution in this context of BV space is given in 
Proposition 

The analysis for (5 — > presents several difficulties, the main one being the stability of the 
minimality property of the discrete in time evolutions. The main purpose of this paper is to 
prove that these difhculties disappear as the size of the reference configuration increases, thank to 
the fact that the body response tends to become more and more brittle in spite of the presence 
of cohesive forces on the fractures given by the function ip. More precisely we consider a crack 
configuration (f ,^5) in fl with H^-i(f) < +00, and prove this fact for the discrete evolutions in 
il/i :~ hQ with preexisting crack configuration {Th,4'h) of the form Th ■= hV and iph{x) '■= V'Cf )j 
under suitable boundary displacements. The idea is to rescale displacements and fractures to the 
fixed configuration f2, and take advantage from the form of the problem in this new setting. The 
boundary displacements on do^h ■— hdo^ will be taken of the form 

ghit,x) ■.= h''g(t,^y geAC{[0,T];H\n)), ||ff(i)||oo < C, i € [0, T], x G 17^, 

where a > and C > 0. We indicate by {u^'''-{t),T^'''-{t),tp^'''-{t)) the piecewise constant interpo- 
lation of the discrete in time evolution of fracture in relative to the boundary displacement gh 
and the preexisting crack configuration (f/j, tph)- Let us moreover set for every t G [0, T] 



£^^^{t):^ [ f{Vu^'''{t))dx+ f ip{^^'''{t))dn^-' +a\D^u^'''\{nh). 
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In the case a = 5, we make the following rescaling 

v^''\t, x) := -^u^'''{t, hx), K^'''{t) Iv^^'^t), x e fl. 

The main result of the paper is the foUowing (see Theorem 14. II for a more precise statement). 

Theorem 1.1. IJ 5 and h +00, there exists a quasistatic evolution of brittle fractures 
{t — > (v{t), K(t))} in Q relative to the preexisting crack T and boundary displacement g in the 
sense of (see Theorem \2.^) such that for all t G [0, T] we have 

(1.7) Vv^'^'it) ^ Vv{t) weakly in L1(0;M^), 
Moreover for all t e [0, T] we have 

(1.8) _l_E^^'^(t)^\\Vy{t)f+n''-\K{t))- 
in particular h-^+'^\D''u^''^{t)\{nh) -> 0, 

(1.9) f{Vu'^\t))dx^\\Vv{t)\\\ 
and 

(1.10) / v{^'^\t)) d-H''-' - n^'-'iKit)). 

h" JT^-h(t) 

Theorem 11.11 proves that as the size of the reference configuration increases, the response of 
the body in the problem of quasistatic growth of fractures tends to become brittle, so that energy 
(|1.1|) can be considered. Moreover we have convergence results for the volume and surface energies 
involved. 

The particular value a = ^ comes out because a problem of quasistatic evolution has been 
considered. In fact if we consider an infinite plane with a crack-segment of length I and subject 
to a uniform stress a at infinity, following Griffith's theory the crack propagates quasistatically if 
a = ^7%, where Kic is the critical stress intensity factor. So if the crack has length hi, the stress 

rescale as This is precisely what we are prescribing in the case a= \: in fact the stress that 

intuitively we prescribe at the boundary can be reconstructed from Vu/,. and rescales precisely as 
1 

For the proof of Theorem O the first step is to recognize that {v^^''(t), K^^''{t),ip^^''(t)) is 
a discrete in time evolution relative to the boundary displacement g and the preexisting crack 
configuration {T,i/j) for a total energy of the form 

/ft(Vu)dx+ / ipk.{\[u]\V i:)dn^-^ +aVh\D''u\{n), 
o Jr 

where iph{s) / 1 for all s € [0, +oo[, and fh{0 / M? for aU i G M^. From the fact that <p/i / 1 
we recognize that the structure tends to become brittle. Bound on total energy for the discrete 
in time evolution is available, so that compactness in the space BY can be applied: it turns out 
that the limits of the displacements are of class SBV with gradient in L^(ri;R^). Limits for the 
fractures are constructed through a F-convergence procedure (see Lemma 15 .411 . Now the main 
point is to recover the minimality property (see point (c) of Theorem 12 .2(1 

\\^v(t)f < \\Vvf + n^-\SS^'\v) \ K{t)), V G SBVin) 

from the minimality property of {v^'''-{t), K^'''-{t), 'ip^''^{t)). This is done in Lemma [H?5l bv means of 
a refined version of the Transfer of Jump Lemma of |18j : the main difference here is that we have 
to deal with BV functions and we have to transfer the jump on the part of K^-''{t) where ^p^-'^it) 
is greater than a given small constant. 

We also consider the cases a £]0,^[ and a > |. It turns out that in the case a g]0, the 
body is not solicited enough to make the preexisting crack Th propagate, and flh tends to behave 
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elastically in the complement of Th- more precisely we prove that f Theorem 14 .21) in the case 
-0 > e > 0, setting 

(1.11) v'-''{t,x):=^u''\t,hx), 

for all t £ [0, T] we have that v^'^{t) converges to the displacement of the elastic problem in il \ f 
under boundary displacement given by g{t). 

In the case a > ^ we have that the preexisting fracture Vt tends to propagate brutally toward 
rupture: in fact in Theorem 14.31 we prove that v^'^{Q) given by (|1.11() converges to a piecewise 
constant function v in fi, so that F U S^^^\v) disconnects fi. This phenomenon is a consequence 
of the variational approach based on the search for global minimizers: as the size of Q,h increases, 
fractures carry an energy of order h^^^ , while non rigid displacements carry an energy of greater 
order: in this way fracture is preferred to deformation. 

The paper is organized as follows: in Section [21 we recall some basic definitions and introduce 
the functional setting for the problem. In Section 13 we deal with the problem of discrete in time 
evolutions for fractures in the cohesive case. The main theorems are listed in Section 01 and 
Sections m Eland 13 are devoted to their proofs. In SectionjSlwe prove a relaxation result which is 
used in the problem of discrete in time evolution of fractures, while in Section (51 we prove some 
auxiliary results employed in the study of the asymptotic behavior of the evolutions. 

2. Preliminaries 

In this section we state the notation and prove some preliminary results employed in the rest 
of the paper. 

Basic notation. We will employ the following basic notation: 

- J7 is an open and bounded subset of with Lipschitz boundary; 

- is a subset of dil open in the relative topology; 

- TL^~^ is the {N — l)-dimensional Hausdorff measure; 

- we say that A C B if A C up to a set of 7i''^~ ^-measure zero; 

- r C £7 is rectifiable if there exists a sequence of manifolds (Mi)igN such that V C U,; Mi] 

- for all A C R^, \A\ denotes the Lebes gue measure of A\ 

- for all A C M^, 1^ denotes the characteristic function of A; 

- if /i is a measure on and A is a Borel subset of MJ^ , iJ,\_A denotes the restriction of /i 
to A, i.e. {ii\-A){B) := ii(B n A) for all Borel sets B C R^; 

- ||u||oo and 1 1 It 1 1 denote the sup-norm and the norm of u respectively; 

- if u,5 G W(f7;M"), Ss{u) -.^ S{u) U {x e do^ : u{x) 7^ g(x)}; 

- if a, 6 € R, a V 6 := max{a, 6} and a Ab := min{a, b}. 

Functions of bounded variation. For the general theory of functions of bounded variation, 
we refer to |^; here we recall some basic definitions and theorems we need in the sequel. We say 
that u E BV{A) if M S L-^{A), and its distributional derivative Du is a bounded vector- valued 
Radon measure on A. In this case it turns out that the set S{u) of points x G A which are not 
Lebesgue points of u is rectifiable, that is there exists a sequence of manifolds (A/i)jgp} such 
that S{u) C UiMi up to a set of 7i^~^-measure zero. As a consequence S{u) admits a normal 
i^uix) at Ti.^~^-a.e. x £ S{u). Moreover for H^~^ a.e. x £ S{u), there exist u'^{x),u^{x) £ R 
such that 

lim - — 47——- / \u(y) — u^(x)\ dy = 0, 

where B^{x) := {y £ Br{x) : {y ~ x) ■ Vuix) ^ 0}, and Br{x) is the ball with center x and radius 
r. It turns out that Du can be represented as 

Du{A)^ I Wu{x)dx+ I (u+{x) -u"(x))iyu{x)d'H^-^{x) + D^uiA), 

Ja JAnSiu) 
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where Vu denotes the approximate gradient of u and D'^u is the Cantor part of Du. BV{A) is a 
Banach space with respect to the norm HuH^yj^^-) := + |Z3u|(^). 

We wiU often use the foUowing result: if A is bounded and Lipschitz, and if (Mfe)fcgN is a bounded 
sequence in BV{A), then there exists a subsequence {uk^)h£n and u £ BV{A) such that 

(2.1) Uk^^u strongly in A), 

Dukj^ ^ weakly* in the sense of measures. 

We say that ^ u weakly* in BV{A) if H2.1|l holds. 

We say that u e SBV{A) if w e BV{A) and D^u = 0. The space SBV{A) is called the space 
of special functions of bounded variation. Note that if u G SBV{A), then the singular part of Du 
is concentrated on S{u). 

The space SBV is very useful when dealing with variational problems involving volume and 
surface energies because of the following compactness and lower semicontinuity result due to 
L.Ambrosio ([2, 

Theorem 2.1. Let A be an open and bounded subset of M.^ , and let {uk)kGN be a sequence in 
SBV (A). Assume that there exists q > 1 and c G [0; +oo[ such that 

I |Vzifc|'dx + H^-i(5K)) + ||ufe|U <c 

J A 

for every fc G N. Then there exists a subsequence {uk^)heN and a function u G SBV {A) such that 

Ukh ~^ strongly in L^{A), 

(2.2) Vuk^-^Vu weakly in {A- M.^), 

H^-\S{u)) < liminf 7i^-i(5(ufcJ). 

h 

In the rest of the paper, we will say that Uk ^ u weakly in SBV{A) if Uk and u satisfy 
(|2.2() . It will also be useful the following fact which can be derived from Ambrosio's Theorem: 
if Uk u weakly in SBV{A) and if Ti.^^^\—S{uk) ^ /i weakly* in the sense of measures, then 
T-C^^^\—S{u) < /i as measures. 

Finally in the context of fracture problems we will use the following notation: if A is Lipschitz, 
and if do A C dA, then for all u, g G BV{A) we set 

(2.3) S^iu) := S{u) U{xe doA : u{x) ^ g{x)}, 

where the inequality on doA is intended in the sense of traces. Moreover, we set for all x G S{u) 

[u]{x) :— u'^{x) — u^{x), 
and for all a; G do A we set [u]{x) :— u(x) — g(x) , where the traces of u and g on dA are used. 

Quasi-static evolution of brittle fractures. Let Q, be an open bounded subset of 
with Lipschitz boundary, and let be a subset of d^l open in the relative topology. Let 

g : [0,T] H^{fl) be absolutely continuous (see (Tj for a precise definition); wc indicate the 
gradient of g at time t by Wg{t), and the time derivative of g at time t by g{t). For u G SBV{fl), 
let S^^*) (u) be defined as in 1231), and for every A, S C M^, let A C B mean A C B up to a set of 
Ti^""'^ -measure zero. The main result of 13 is the following theorem. 

Theorem 2.2. Let T be a rectifiable set in flU do^ such that 7i^^^(r) < +cx3. There exists 
{{u{t),T{t)) : t G [0,T]} withV{t)^n\JdD^ rectifiable andu{t) G SBV(n) with S^W (^u{t)) cr{t) 
such that: 

(a) f C r(s) C r(t) for allO<s <t< T ; 

(b) u(0) minimizes 

\\vvf + n^-\s3^''\v)\f) 

among all v G SBV{VL); 
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(c) /ori sjOjT], u{t) minimizes 

among all v G SBV{Q). 
Furthermore, the total energy 

£{t) := \\Vuit)r + n''-\m) 
is absolutely continuous and satisfies 

(2.4) £{t)^£{0) + 2 f j Vu{T)Vg{T)dxdT 

Jo Jn 

for every t G [0, T] . 

Condition (a) stands for the irreversibility of the crack propagation, conditions (6) and (c) are 
minimality conditions, while H2.4|l stands for the nondissipativity of the process. 



F-convergence. Let us recall the definition and some basic properties of De Giorgi's T -convergence 
in metric spaces. We refer the reader to 10 for an exhaustive treatment of this subject. Let {X, d) 
be a metric space. We say that a sequence Fh : X ^ [—oo, +oo] F-converges to F : X ^ [—oo, +oo] 
(as h — > +oo) if for all u G X we have 

(i) {T-liminf inequality) for every sequence (uh)/igN converging to u in X, 

limini Fh{uh) >F(u); 

h — *+oo 

(ii) {T-limsup inequality) there exists a sequence {uh)heN converging to u in X , such that 

limsupF/i(u/i) < F{u). 

h — ^+oo 

The function F is called the F-limit of {Fh)h(EN (with respect to d), and we write F = F— lim^ Fh- 
F-convergence is a convergence of variational type as explained in the following proposition. 

Proposition 2.3. Assume that the sequence (i^;i);igN T-converges to F and that there exists a 
compact set K Q X such that for all h N 

inf Fh{u) = inf Fh{u). 
uGK uex 

Then F admits a minimum on X , 'mix Fh —>■ minx F, and any limit point of any sequence (uh)heN 
such that 

lim (Fhiuh)- inf F,,(u)) ==0, 

is a minimizer of F. 

Moreover the following compactness result holds. 

Proposition 2.4. If{X,d) is separable, and {F^Jh^'n is a sequence of functionals on X , then there 
exists a subsequence {Fh^)keti o-i^-d a function F : X [—oo; +oo] such that (F/i^)fegN T-converges 
to F. 

3. Discrete in time evolution of fractures in the cohesive case 

In this section we are interested in generalized antiplanar shear of an elastic body in the 
context of linearized elasticity and in presence of cohesive fractures. 

The notion of discrete in time evolution for fractures relative to time dependent boundary 
displacement g{t) and preexisting crack configuration (F, ip) has been described in the Introduction. 
It relies on the minimization of functionals of the form 

(3.1) \\^ur+ f ^(iMivv')dw^-\ 

JruS9(')(«) 
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with ijj positive function on F. We now define rigorously the functional space to which the dis- 
placements belong, and the properties of Q, F, tp and g(t) in order to prove an existence result for 
the discrete in time evolution of fractures. 

Let n be an open bounded subset of with Lipschitz boundary. Let Sc^l C dfl be open 
in the relative topology, and let ■= d^l \ do^- Let ip : [0, +00 [0, +cx)[ be increasing and 
concave, (^(0) = and such that lims^+oo '^{s) = 1. If a "y^'lO) < +00, we have 

(3.2) Lp{s) < as for aU s e [0, +oo[. 

Let T > 0, and let us consider a boundary displacement g € AC{[0,T]-, H^{Q)) such that ||g(t)||oo < 
C for all t e [0, T]. We discretize g in the following way. Given S > 0, let Is be a subdivision of 
[0, T] of the form ^ tf^ < t{ < ■ ■ ■ < ^ T such that maxj(tf - J < 5. For < i < Ns we 
set gf :=g{tf). 

Let F C J7 be rectifiable, and let ip he a positive function on F such that 



(3.3) Jip{iP)dn'^-'<+oo. 

Let us extend ■)/) to setting ip = outside F. As for the space of the displacements, it would be 
natural following to consider u £ SBV{il). Since a = ip'{0) < +00, we have unfortunately that 
the minimization of H3.1|l is not well posed in SBV{Q). Let us in fact consider (un)neN minimizing 
sequence for (|3.1I) : it turns out that we may assume (M„)nGN bounded in BV{il). As a consequence 
(wn)nGN admits a subsequence weakly* convergent in BV{^1) to a function u G BV{^). Then we 
have that minimizing sequences of H3.1|l converge (up to a subsequence) to a minimizer of the 
relaxation of (|3.1|l with respect to the weak* topology of BV{il.). By Proposition l8.1l the natural 
domain of this relaxed functional is BV{ft), and that its form is 

(3.4) [ f{Vu)dx+ [ ip{\[u]\Vi:)dn^-'^ +a\D''u\{n), 
where 

f \e if l?l < t 

(3.5) fiO <^ 

[^+«(ie|-f) if|CI>f- 

In view of these remarks, we consider BV{U) as the space of displacements u of the body fi, 
and a total energy of the form H3.4|l . The volume part in the energy (|3.4|l can be interpreted as 
the contribution of the elastic behavior of the body. The second term represents the work done 
to create the fracture F U 5^*^*^(u) with opening given by V -0. The new term a\D'^u\ can be 
interpreted as the contribute of microcracks in the configuration which are considered as reversible. 

Let us define the discrete evolution of the fracture in this new setting. For i = 0, let Uq S BV{iVi 
be a minimum of 

(3.6) min i / f{^u)dx+ [ (/?(|[u]| V V^) dH^^^ + a|D^u| i . 

We set Fg := S'9o(ug) uf. 

Supposing to have constructed Uj and F^ for all j = 0, . . . , z — 1, let be a minimum of 

(3.7) xmn \(f{Vu)dx+( ^{\[u]\y i^U) dU''-^ + a\D^u\\ 

where Vf-i := V |K]| V • • • V We set Tf Ff_i U S'»- (uf). 

The following proposition establish the existence of this discrete evolution. 

Proposition 3.1. Let Is — {0 = < ■ ■ ■ < — T} be a subdivision of [0,T] such that 
max(if — tf_i) < 5, let T be a preexisting crack, and a positive Junction on f satisfying (|3.3|l 
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and extended to zero outside T. Then for all i — 0, . . . , there exists uf G BV{n) such that 
setting T^_-^ := f , tp^-^ := -0 and 

i 

(3.8) rf f U U S^Hu',), ^l{x) := ^{x) V H]\{x) V • • • V |K^]|(x) 

j=o 

the following holds: 

(a) lluflloo < ILgf Hoc < C; 

(b) for all V G BV{ft) we have 

(3.9) [ f{Vuf)dx+ [ ^{^/4)dn''-'+a\D-utm) 
Jn Jrf 

< [ f{Vv)dx+ [ ^ ip{\[v]\v ijU)dn''-' + a\D%\{n), 

where a = ip'{0) and f is defined in H3.5|l ." 

(c) we have that 

(3.10) / fiVuf)dx+ [ ip{^pf)dn^-^ +a\D^u^^\{n) 
Jn Jrf 

= inf \\\^vf+f^ ^{\[v]\Vijt,)dn^-A . 

Proof. We have to prove that problems H3.6(l and l|3.7(l admit solutions. Let us consider for example 
problem H3.7|l . the other being similar. Let (un)nGN be a minimizing sequence for problem H3.7(l . 
By a truncation argument we may assume that ||m„||oo < \\9i\\- Comparing u„ with g*, we get for 
n large 

(3.11) I f{Vu,,)dx+ [ <p{\[un]\y^ti)dn''^^+a\D^Un\{n) 
Jn Js^i («„)urf_j 



< / /(Vgg') dx+ [ ^(0,f_i) dH^-i + 1 < C, 
Jn Jr^ , 



with C" independent of n. Since there exists d > such that a\^\ — d < /(^) for all ^ e M^, we 
deduce that (Vw„)„gN is bounded in L^{fl; M^). Moreover if s is such that ip{s) — ^ and a is such 
that s < dip{s) for all s G [0, s], we have 

(3.12) / |K]|rf7i^-i=/ |K]|dH^-i + |l5f|UH^-i({|K]| >s-}) 

Js(«„) -'{IK]|<5} 

7V-1 



<a/ ^{\[u,,]\)dH^-' +2\\gt\\oo ^(|K]|)rfH 

< {d + 2\\gf\UC'. 



Finally for all n 

C 



a 



We conclude that (un)neN is bounded in BV{il.). Then there exists u £ BV{^1) such that up to a 
subsequence Un u weakly* in BV{Q) and pointwise almost everywhere. Let us set ttf := u. By 
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Lemma [8.31 we deduce that 

(3.13) / f{Vu)dx+ [ ip{\[u]\W ijti)dn^'^ +a\D''u\{n) 

<liminf / f{Vun)dx+ [ ^ V dH^-i + a|i?^u„|(r!). 

" Jn J5s'(«„)urf_^ 

Setting ipf := V \[u^]\, we have that point (6) holds. Moreover ||oo < llSolloo < C, so that 
point (a) holds. Finally point (c) is a consequence of Proposition 18. II □ 

Let us consider now the following piecewise constant interpolation in time: 

(3.14) u'{t):^uf, r\t):=Tf, 4^\t):=^t, g\t) := gf tf < t < t^, 

with u'{T) r^(r) F^^, 4,HT) and g'{T) g{T). 

For every v £ BV{fl) and for every t E [0, T] let us set 

(3.15) £\t,v):= [ f{\/v)dx+ [ ^{\[v]\ V ip^ {t)) dH^''^ + alD^vHn). 
Then the following estimate holds. 

Lemma 3.2. There exists — > for (5 — > and a — > +oo such that for all t G [0, T] we have 



(3.16) £'{t,u'{t))<£\0,u'{0))+ f{Vu'{T))VgiT)dxdT + el 

Jo Jn 

where tf is the step discretization point such that tf < t < tf^-^ . 

Proof. Comparing uf with uf_^ + gf — gf^i by means of H3.9|l we obtain 

£'itluf)< [ fi\/uU+\/gf-Vgl,)dx+ [ ^0,1,) dn""-' + a\D^uUm). 
Jn Jrf_^ 

Notice that by the very definition of / the following hold: 

1) if \Vul, + Vgf - VgU\ > f and > § 

fiVuU + ^gf - vsf-i) = f\^uU)- 

2) if iVu^i + Vgl - Vgtil < f and |Vuf_i| > f 

/(Vuti + v.gf - Vsti) < /(v^^ti); 

3) if iViiti + V.gf - Vstil > f and |Vuf_i| < f 

/(Vwti + Vgf - Vsti) < /(Vuti) + 2(V^.f„i, V5f - Vffti) + |V<?,f - V^tiP; 

4) if iViiti + V.gf - Vgtil < f and |Vuti| < f 

Then by convexity of / we deduce 

£\t\,u'^<£\tU,uU)+ [ f'{VuU){Vgt-VgU)dx + Rl% 

Jn 

where 

i?-!^ / |V5f - V5f_iP dx + / |/'(Vzif_i)| |Vgf - Vgf.il dx. 

Jo "'{|V«f_il>f } 

Then summing up from t^ to tg, and taking into account 13.14(1 we get 

£-*(i,M''(<)) <f'^(0,M''(0))+ /" /'(Vlt'^(T))Vg(T)dTdT+ [ ' R^-''{T)dT, 

Jo Jn Jo 
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where 



(3.17) R'-^{r) := a(5)|| V5(r)|| + / |/'(V«^(r))| \Vg{r)\dx 

J{\Vu'{t)\>^} 

and 



a{S) := max / ||Vg|| dr. 

i=l.,....Ns Jts 



In order to conclude the proof it is sufficient to see that 



Jo 



as (5 — > and a +oo. Notice that (t((5) ^ as 5 — ^ by the absolutely continuity of llV^jj. Let 
us come to the second term. Notice that |/'(Vm''(t))| = a on {|Vu''(r)| > f }• Then we have to 
see 

(3.18) / / a|V<?(r)|l{|v„^(r)|>|}da;dT^O 

Jo Jn 

as (5 ^ and a +oo. Setting (r) :— {x & V, : \\7u^ {t)\{x) > |} we have by Holder inequality 
^ a|V5(r)|l^.(,) dx < a^\AiiT)\ (^J^^^ ^\Vg{T)\'dx^ . 

Notice that 

(3.19) ^\AiiT)\<a[ \Vu\T)\dx<2[ f {r)) dx < C\ 

where C depends only on g and is obtained comparing u^{t) with g^{T) by means of H3.9|l . We 
deduce that 



(3.20) 



I a\Vg{T)\tAi(r)dx<V2C^( ( \Vg{T)\''dx] <V2C^\\Vg{T)\\ 
Jn yAiir) J 



As 5 ^ and a — > +oo, by H3.19|l we have that |Af(r)| 0. Then by the equicontinuity of 
|V5(t)P and by the Dominated Convergence Theorem, we deduce that H3.18|l holds, and the 
proof is finished. □ 

4. The main results 

Let fl be an open bounded subset of with Lipschitz boundary. Let do^ C dfl be open in 
the relative topology, and let '■= dft \ SdJI. 

In this section we consider discrete in time evolution of fractures in a linearly elastic body 
whose reference configuration is given by ilh hfl, where h > 0. Let us assume that the cohesive 
forces on the fractures of ^Ih are given in the sense of Section 13 by a function (p : [0, +oo[^ [0, 1] 
which is increasing, concave, (p{0) = 0, (p'{0) = a < +oo and such that lim^^+oo — 1- Let us 
moreover set 

f \e if lei < f 

(4.1) fiO <^ 

[^+«(l^l~f) if|el>f- 
Let us consider on do^h '■— hdo^ boundary displacements of the following particular form 

(4.2) g^,{t,x):=h"g{t,^) 

with g G AC{[0,T];H'^{n)) such that \\g{t)\\oo < C for all t € [0,T]. Let moreover f Cf2 be 
rectifiable with 

(4.3) H^^i(f) < +00 
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and let 7 be a positive function defined on F. We extend 7 to setting 7 = outside T. Let us 
consider (ThTiph) as a preexisting crack configuration in Q^i where 

(4.4) Th-.^hf, ^^(x) -.^ ^ (£j , xen^. 

Given S > 0, let Is = {0 = tf^ <■■■ < = T} be a subdivision of [0, T] such that max(tf-if_ J < 
6, and let {t {u^-'^t), r^''^{t),tp^''^{t)) : t e [0,T]} be the piecewise constant interpolation in the 
sense of H3.14II of a discrete in time evolution of fractures in flh relative to the boundary datum 
gii, the preexisting crack configuration (Thjiph) and the subdivision Is given by Proposition 

Our aim is to study the asymptotic behavior of {t {u^'''{t),T^^^(t),ip^^'^(t)) : t € [0,T]} as 
(5^0 and h —> +00. Let us consider h € N (we can consider any sequence which diverges to 
+00), let us fix 5h 0, and let us set for all t e [0, T] 

(4.5) Uh{t):=u'-^\t), r„(t) :=r*-"(t), 7^,,(t) V>'"(0, 

and let gf^{t) := ghitf) where £ Is is such that tf < t < t^^i- Let us moreover set for every 
V e BV{n) and for every t e [0, T] 

(4.6) £h{t,v):^ f f{Wv)dx+ [ <f{\[v]\ V Mt)) dn""-^ + a\D-v\{n). 

The asymptotic of {uh,Th,tph) depends on a, and we have to distinguish three cases. The first 
case a = ^ was stated in the Introduction and reveals the prevalence of brittle effects as the size 
of the body increases. We give here the precise statement we will prove. 

Theorem 4.1. Let g E AC{0,T; H^{n)) be such that \\g{t)\\oo < C for all t e [Q,T]. Let {t 
{uh{t),Th(t),iphit)) ■ t G [0,r]} be the piecewise constant interpolation of a discrete in time 
evolution of fractures in fl^ relative to the preexisting crack configuration (F/j, iph) o-nd the boundary 
data 

gh{x,t) := ^/hg ■ 

Then the following facts hold: 



(a) there exists a constant C dependent only on g such that for all t £ [0, T] 

(4.7) -f^£hit,UH{t))<C'; 

(b) for all t e [0, T] 

(4.8) Vii{t,x) := —=uii{t, hx) is bounded in BV{ft); 

Vh 

(c) there exists a subsequence independent of t and there exists a quasistatic evolution of 
brittle fractures {t (v(i), K{t)) : i G [0, T]} in relative to the preexisting crack T and 
boundary displacement g in the sense of Theorem \2.'A such that for all t G [0, T] we have 

(4.9) Vu/i(t) Wv{t) weakly m L^{n;R^), 

and every accumulation point v of {vh{t))fieN in the weak* topology of BV(fl) is such that 
V £ SBV{n), S3''*\v)CK{t) and Wv = Wv{t). Moreover for all t £ [0,T] we have 

(4.10) _l_EHit,u,{t))~.\\Vvit)f + n''-HKm 
m particular h-'^+'^\D''uh{t)\{nh)\ ^ 0, 

(4.11) h^L 

and 

(4.12) -i^ / ^iMt))dn''-'^n''-\Kit)). 
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The case a < 5 leads to a problem in elasticity in il^ \ F^j in the sense of the following theorem. 

Theorem 4.2. Let g e AC{0,T;H^n)) be such that \\g{t)\\oo < C for all t e [0,T]. Let {t -> 
{uh(t),Th(t),'ijjh{t)) : t G [0,T]} be the piecewise constant interpolation of a discrete in time 
evolution of fractures in flh relative to the initial crack configuration {Th,iph) and the boundary 
data 

gn{x,t) ■.^h'^g (i, ^) 
with a < ^ . Then the following facts hold: 

(a) for all t e [0, T] 

(4.13) Vh{t,x) := —Uh{t,hx) is bounded in BV{il); 

(b) for all t G [0,T] every accumulation point v{t) of {vh{t))h<£N in the weak* topology of 
BViyi) IS such that v{t) £ SBV{n) and S'f(*)(w(t)) C f ; 

(c) if (p{s) — 1 for s > s, and 7 > £ > 0, then there exists a subsequence independent of t 
such that for all t € [0, T] 

(4.14) Vwft(i,a;) \7v{t) weakly in L^{n;R^), 
where v(t) is a minimizer of 

(4.15) min{||Vi;|p : v G SBV{n), S^^''' (v) Cf}; 
moreover for all t G [0, T] we have 

(4.16) f{^u^{t))dx^\\\/v{t)\\\ 

Finally for the case a > ^ the body goes to rupture at time i = 0, in the sense of the following 
theorem. 

Theorem 4.3. Let g G AC{0,T; H^n)) be such that \\g{t)\\oo < C for all t G [0,T]. Let {t ^ 
{uh{t),Th,{t),'il'h(t)) : t G [0,r]} be the piecewise constant interpolation of a discrete in time 
evolution of fractures in flh relative to the initial crack configuration {Thji^h) and the boundary 
data 

gH{x,t) ■.^h'-gi^^^t) 

with a > ^. Let us set V}i{t,x) := ■j^uii{t, hx) for all x £ fl and for all t G [0,T]. 

Then {vh{0))heN is bounded in BV{^T}, and every accumulation point v of {vh{0))hi£N in the 
weak* topology of BV{n) is piecewise constant in fl, that is v £ SBV{fl) and Vu = 0. Moreover 

(4.17) H^~\S3^°\v{0)) U f ) < n^~\S3(°\w) U f ) 
for all piecewise constant function w £ SBV{fl). 

5. Proof of Theorem 14.11 

In this section we will give the proof of Theorem l4.1l Let {t {ufi{t),rfi{t), iph{t)) ■ t £ [0, T]} 
be the piecewise constant interpolation of a discrete in time evolution of cohesive fracture in flh 
relative the subdivision Ls,^ := {0 = t^'^ < ■ ■ ■ < = T}, the preexisting crack configuration 

{Th,i'h) given by (|4.4|l and the boundary displacement \/tg{t, ^). 

In order to prove Theorem l4.1l we need some preliminary analysis. First of all, it is convenient 
to rescale Uh and Th in the following way: for all t £ [0, T] let Vh[t) £ BV{^1) and Kh{t) QilUdo^ 
be defined by 

(5.1) Vh{t,x) := -^Uh{t,hx) , Kh{t) := ^Th{t). 

Vh h 
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Let US moreover set 

(5.2) -fhit,x) := ^Mt,hx)=max\[vhis)]{t,x)\W^ix), te[0,T],xen. 

Vh s<t 

We notice that {t {vfi{t), Kh{t),jh{t)) ■ t £ [0, T]} is the piecewise constant interpolation of a 
discrete in time evolution of cohesive fractures in relative to the subdivision Is,^ , the preexisting 
crack configuration (r,7) and boundary displacement g{t) with respect to the basic total energy 

(5.3) f h{Wv)dx+ [ <fih{Myjh{t))dn^-^ +aVh\D-vm), 
where 

(5.4) iph{s) := ifiVhs), 
and 



(5.5) MO 



,^+aVhi\^\-^) if|e|>^- 



Let us recall some properties of the evolution {t — > {vfi{t), Kh{t),jh{t)) ■ t G [0, T]} which 
derive from Proposition 13 . II and that will be employed in the sequel: 

(a) for all t e [0, T] 

(5.6) WMmoo < ll/HOIloo; 

(b) for all w E BV{^1) we have 

(5.7) f MVvhmdx+ f ^h{\[vhm\'^f)dn^-' +aVh\D-VhiO)m) 



< I h[Vw)dx+ [ iph{\[M\'^l)d-H''-^ +aVh\D''w\{^)- 



In Jsn ''(")(t«)ur 

(c) for all w e BV{n) and for aU t e]0, T] we have 

(5.8) j h{Vvh{t))dx+ [ ^hhhit))dn^-^ +aVh\D%h{t)\{n) 
Jn JKh(t) 



< / fh{Ww)dx+ / ^h{\[w]\V jh{t))dH'^-^ + aVh\D^w\{n). 

Jn J 39 '^W{w)UKh{t) 

Let us set for all v € BV{n) and for aU t e [0, T] 



(5.9) Th(t,w):= / h{Ww)dx+ / ^h{\[w]\y-fh{t))dn''-' +aVh\D-wm). 

Jn JsB '^'•*>{w)uKhit) 

Notice that for all te [0, T] 

(5.10) Mt:Vh{t)) = j^£h{t,Uh{t)), 

where £h{t, u) is defined in (|4.6() . 

Recalling Lemma 13.21 we have that the following holds. 

Lemma 5.1. For all t E [0,T] we have 

(5.11) J'h{t,Vh{t))<MO,MO))+ /" / fh{^Vh{r))Vg{T)dxdT + e{h), 



jQ Jn 

where e(h) as h +oo, and th :— tf^ is the step discretization point of Ig^ such that 
t^" <t< . 

The following corollary provides a bound on the total energy of the discrete in time evolution. 
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Corollary 5.2. There exists a constant C independent of h such that for all t G [0,T] we have 
(5.12) J'h{t,Vh{t)) + \\vh{t)\\o.<C'. 

Proof. By (|5.11|l we have 

:Fh{t,Vh{t))<Th{0,Vhm+ r f fh{Wvh{T))Wg(T)dxdT + e{h), 

Jo Jn 

where e(h) ^ as h ^ +oo, and th :— if'' is such that tf'' < t < tf** , , . 

^ ' ^^^^ *h •■h ''/i T -L 

Notice that by H5.7|l we have 
and by (ESJ for aU r e [0, T] 

' fh{Vvh{T))dx<\\Vg''^{T)f. 



Moreover for all re [0, T] 

/ \ f'h{^Vh{TWdx<4 [ fh{Wvh{T))dx 
JQ. Jn 

and so, taking into account H5.6|l . we deduce that (|5.12|) holds. □ 

As a consequence of Corollary 15. 21 we infer a uniform bound on the total variations of Vhit). 
Corollary 5.3. There exists C" independent of h such that for all t G [0, T] we have 
(5.13) \Dvnm^)<C". 
Proof. In fact, since for h large we have for all ^ e 

lei - 1 < hi^l 

we deduce that for all t £ [0, T] 

|Vt;,,(0|da: < / [fh{VvH{t)) + l\dx < C + 



where C" is given by Corollarv l5.2l Moreover if s is such that (p{s) — ^ and a is such that s < a(p{s) 
for all s e [0, s], we have for all h and for all t £ [0, T] 

(5.14) 

IK(t)]|d7^~-i = / \[v,M\dn^-^ + \\v,{t)UH^-' > ^1 



<a MlMWdH^-' +2C' ifihilMW dn^ id + 2C')C'. 

-'lK(t)]|<;^ -'lK(t)]|>;^ 

Finally for all h and for all t e [0, T] 



\D%h{t)m) < 



a\fh 

We deduce that (|5.13|l holds, and the proof is concluded. □ 

In order to construct the quasistatic growth of brittle fractures in the sense of |13) to which 
{vh{t), Kh{t),jh{t)) converges, we need the following lemma which employees a F-convergence 
technique (see Sectional). 

Lemma 5.4. Let us fix t e [0,T], and let us consider the functionals 

(5.15) ghit){u):= f fh{Vu)dx+ f iph{\[u]\)dH^-' +aVh\D'u\{n), 

Jn J Kh(t) 

if u & BV{n), S3''''-*\u)CKh{t), \[u]\ < jh{t) on Kh{t), and gh{t){u) = +oo otherwise for 

u e BV{n). 
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Let US denote by Q{t) the T -limit (up to a subsequence) ofQfi{t) in the weak* topology of BV (Q) . 
For all u S doni(tJ(t)) we have u G SBV{n) and Vu £ L^(r2;R^). Moreover there exists a 
countable and dense set D C doiJi{Q{t)) such that setting 

(5.16) K{t) := IJ 
we have 

(5.17) SS^'\u)CK{t) for alluedom{g{t)), 



an 



d 



(5.18) H''-\K{t))< limini Mjh{t)) dH^'-^ 



h 



Khit) 



Proof. In order to deal with S^{u) as an internal jump, let us consider Q, C open and bounded, 
such that C and let us set Vl' := 17 \ dj^Vl. Let us consider the following functionals 
g'^{t) : BV{n') ^ [0,+oo] 

(5.19) g',^(t){u) -.^ f fh{Vu)dx+ f ifihiM) dH^-' +aVh\D'u\{n'), 

if li e BV{n'), u = g^'^it) on VL' \ Q, S{u)CKh{t), \[u]\ < jhit) on K^it), and e^,;(t)(u) = +oo 
otherwise for u e BV{il.'). 

By Proposition l2.4l up to a subsequence, G'f^it) F-converges in the weak* topology of BV{n') to 
a functional G'{t). Clearly if w G dom{Q' (t)) , then the restriction of u to belongs to dom(^(i)). 
Conversely if u G dom{Q{t)), the extension of u to fi' setting u = g(t) on fl' \ fl belongs to 
dom(C/'(t)). Thus we can use G'{t) instead of G{t)- Let u G dom(G' {t)): clearly we have u — g{t) 
on SI' \ 57. Moreover since 

Q'h{t){u)> [ fh{yu)dx+ [ ^nm\)dn''-^ +a^\D^u\{Sl'), 

Jw JS(u) 

if u G doui{Q'{t)) and Uh ^ u weakly* in BV{il') with Q'i_^[uh) —t G'{u), by Proposition 19.11 we 
deduce that u G SBV{Q') and 

(5.20) II vw||2 + n''-\s{u)) < g'{u). 

So we conclude that Vu G L^{n';R^), and n^-^{S{u)) < +oo. 
Let us now consider 

epi{g'it)) {{u,s) G BVin') x R : g'it)iu) < s}, 

and let V C epi(^'(t)) be countable and dense. If tt : BV{Q') x R ^ BV{n') denotes the 
projection on the first factor, let D :— n{T>) and let us set 

(5.21) K{t) y S{u). 

Notice that K{t) is precisely of the form H5.16|l . Let us see that K{t) satisfies the properties of 
the lemma. 

Let us prove H5.18|l . Let ui,. . . ,Uk £ D, and let u^, ■ ■ ■ ,u'^ G BV{i}') be such that 
weakly* in BV{n') and 

(5.22) limg'f,{t){u1)^g'{t){u,), i = l,...,k. 

h 

Setting (wj-, . . . , W/!), by (f5^ we have 

k 

iZ f h{Vu'i)dx+ I ipu{\[u1]\y ■■■y\[u1]\)dH''-^ +aVh\D-u''\{n')<C 

~[ Jo.' JS(iih) 



^ Ui 
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with C independent of h. By Proposition 19 . II we deduce 

M\W{\\y---y\[ul]\)dn''-' 



(5.23) n'^-^ { I J S{ui) I < liminf / 

< liminf / Mlh{t)) dH^-' < C", 
where C is given by CoroUarv l5.2l Taking the sup over aU possible ui, . . . , we get 

(5.24) H^-i(i^(t)) < liminf / fMt)) rfW^"^ < C , 

J Knit) 

SO that (|5.18|) is proved. In particular we have that H'^^^{K{t)) < +oo. 

Let us come to (|5.17|l . Let u E dom(CJ(t))and let us extend u to fi' setting u — g{t) on Q.'\VL. We 
indicate this extension with u' . We have u' G dom(C/'(t)), and S{u') = S^'^^\u). Let (uk, Sk) € V 
be such that Uk u' weakly* in BV{n') and Sk Q'{t){u'). By lower semicontinuity of Q' {t) we 
have 

g'{t){u')<\iTninig'{t){uk). 

k 

Moreover since Q' {t){uk) < Sfc, we deduce 

Vimswp Q' it) [uk) < limsfc = Q'{t){u'), 

k 

SO that we have G'{t){uk) Q'{t){u'). By (|5.2U|) we get that ^ u' weakly in SBV{Vl'): since 
S{uk) C K{t) for all fc, and l-L^-^{K{t)) < +oo, by Ambrosio's theorem we get S(u') C K{t), i.e. 
5'9(*)(u) C K(t). We conclude that K{t) satisfies (|5.17|l . and the proof is now complete. □ 

Lemma 5.5. Let t € [0, T], and let us consider the subsequence of {vfi(t), Kii{t)^jh{t))fi^fi (which 
we indicate with the same symbol) and the rectifiable set K{t) given by Lemma \5.4\ Then if 
v{t) e SBV{^1) is an accumulation point for {vh{t))heN in the weak* topology of BV{fl), we have 
v{t) e SBV{n), Vv{t) £ L^{n;R^), 

(5.25) S3^'\v{t))CK{t), 
and for all v G SBV{n) 

(5.26) II Vw(i)|p < \\Vvf + n^-\Ss'^'\v) \ K{t)). 
Moreover we have 

(5.27) Vvh{t) Vv{t) weakly m L^fl-^R'^), 



(5.28) Vvhit)tEn(t) -^^vit) strongly in L^{n\M.^), 
where 

Ehit) := i^xen : \Vvh{t)\ < 

and 

(5.29) ||Vw(<)|p =lim / fh{Vvh{t))dx. 

Proof. Let v{t) be an accumulation point of {vh{t))hen in the weak* topology oi BV{ri). liQ{t) is 
the F-limit of the functional Qh{t) defined in Lemma IsT^ by the F- liminf inequality and by H5.12|l 
we have 

g{t){v{t)) < limM GhAmvhAt)) < C, 

and so v{t) e dom(^(t)). By Lemma lOl we conclude v{t) e SBV{n), Vv{t) e L'^{n;R^) and 
Ss(-t\v{t))CK{t). 
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In order to prove (|5.2t)|) we follow the Transfer of Jump of ^3]. In order to deal with S^{u) as 
an internal jump, let us consider fl C open and bounded, and such that C f2. Let us set 
n' :=^n\ On^- By (O^ we have 

K{t) - U S{u), 
ueD 

where u £ D is extended fi' \ setting u = g(t) on fi' \ fi, so that 5'^'^*-'(it) = S{u). 

Let V e SBV{n) with Vw G L^{n;R^) and n^~^{S3<-*^v)) < +00. Let us consider w := 
V — g{t), and let us extend w on 17' setting w ~ on Cl' \ fl. Let a > 0, and let ui, . . . , Um G 
be such that 

(5.30) H^-i («) \ K{t)^ < W^-i ^^^W (v) \ Q (m,)^ + 

Let us fix G C R countable and dense: we recall that for all r = 1, . . . , m we have up to a set of 
^-measure zero 

S{Ur)= y d*E,,{Ur)nd*E,,{Ur), 
ci ,C2SG 

where Ec{ur) :— {x £ fl' : a; is a Lebesgue point for Ur, Ur{x) > c} and d* denotes the essential 
boimdary (see ^ Definition 3.60]). Let us orient i^u^ in such a way that u^{x) < ?i+(x) for all 
X € S{ur), r = 1, . . . , m, and let us consider 

r ni ^ ^ 

'j := <x £ y S{ur) : uf{x) — w,^(a;) > - for some i = 1, . . . , m > , 

I r=l ^ J 



with j so large that 



H^-i y 5(^.,) \ J, < a. 



V,r=l 



Let J7 be a neighborhood of [J^^i S{ur) such that 

(5.31) \U\ < / \\/w\^dx < a. 

j Ju 

Following |13t Theorem 2.1], we can find a finite disjoint collection of closed cubes {Qk}k=i,...,n 
with edge of length 2rk, with center Xk S 5(mt-(j.)) for some T(fc) G {1, . . . , m} and oriented as the 
normal i'{xk) to S{uT-{k)) at a;fc, such that ljfe=i Qfe — ^ ^^^'^ T^^^^i^j \ Ufc=i Qfe) — Let us set 

Vk := '"T-(fc) - g(i), 

and let Hk denote the intersection of Qk with the hyperplane through Xk orthogonal to v{xk). 
Following we can suppose that 



y5(u,)\5(«fe) 

V Vr=l 

and that the following facts hold: 

(a) if Xk e then Qk C f2, and if Xk E Sufi, then dil n Qk ^ {y + sJ^(2;fc) : y G -fffc, s G 

2 ' 2 JJ' 



(b) H^-\S{vk)ndQk)^0; 

(c) rf-i <2H^-i(5(«,)nQfc); 

(d) ^-(xfc) < 4 < c2 < t-+(a;fc) and - cJ;. > ^; 

(e) H^-i([^(^'fe) \ a*Se=(^;fc)] n Qk) < ar^-' for s = 1,2; 

(f) n''-^i{yed*E,.ivk)nQk : dist(2/, i/^) > f rj) < arf for s = 1, 2; 
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(g) if Ql := {x G Qk\{x - Xk) ■ v{xk) > 0} and s = 1, 2 
(5-32) l!lis,.K))nQfc - ^q+Wl^u') < crVf ; 

(h) H^-^ {{S{w) \ S{vk)) n Qk) < cjT^-^ and n''-\S{w) D dQk) = 0. 

By definition of D in lfOB|) . for all /c = 1, . . . , n we can find G BV{n') with = on n' \ n, 
^ Vk weakly* in BV{Q'), S{v^)QKh{t), < -fh{t), and such that 

(5.33) limsup / fh{S/v'^)dx+ [ ^hi\[vk]\) dU'^-'^ + ay^\D''v'^\{n') < C , 

with C e]0, +oo[. By ProDOsition l9.1l we have that Vu^ converges weakly in L^(r2';M^), so that 
we may assume that U is chosen so that for h large 

n „ 

(5.34) \^Vk\dx<^. 

Let rj s]0, 1[: we claim that there exists 5 > such that for all fc = 1, . . . , n 

(5.35) Ylu,s^x^\Dv'^\{{Q<\[vl]\<5}C^Qk)<7l\Qk\. 

h 

In fact let a' < a be such that 

as < ip{s) for all s e [0, 1]. 

Then we have 

\Dv'^,\({o<\[vi]\<^}nQ,)^ [ IKllrfW^-' 

aWh J{o<|[„J]|<-i=}nQ,) 

so that we conclude for h large 

(5.36) \Dv^,\({o<\[v'^]\<s}nQ,)<^ [ MH]\)dn''-' 

'P(l) J{-i=<IK^]|<5}nQ.) \a'^/h ^{l)) 

where C is defined in (|5.33|) . Taking the limsup in h and choosing 8 small enough, we have that 

llOHll holds. 

Let (5 be as in H5.35(l . and let us set 

^i^^) ■■= e Khit) ■■ \[vk]\{x) > S, for some k = l,...,n}. 

Then in view of H5.34|l and of H5.35|l . by the Coarea formula for BV functions (see [l] Theorem 
3.40]) we have for h large enough 

(5.37) J2 i ^"^"^ {d*E,{vt) n {Qu \ Ki{t))) dc<J2 lOv'^HQk \ KfM 

n „ n 

= dx + Y, \Dvt\{Qk n {0 < |K^]| < 6}) < (1 + v)^. 

I 1 ^ Qk 1 1 



fc=l'"^'= k=l 



By the Mean Value Theorem and by property (d) we get that there exist < < such that 

n 

(5.38) Y'^'^^' {9*Ec^Mk)niQk\Ki{t))) <2{1 + ^)^. 

k=l •' 
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Following ^13, . by property (g) we have that for h large 

l|l£;^^K)nQ, - 1q+IUi(^2') < o-^'-f • 

Then by Fubini's Theorem and by the Mean Value Theorem, we can find G [^y^jCrrfe] and 
SjT e [-ark,-^] such that setting := {x = y + s^z^(xfc), y G iJ^} and i/^T := {a; = 
2/ + ^k'^i^k), y e iJfe} we have 

(5.39) W^-i \ {E,.{v'^) n Qfc)) n (^;,.(^;,^) n Qfc)) < 2ar^-\ 
Let be the region between i/^ and Hj^ , i.e. 

i?fe := {a; e Qa; : 2; = y + siy{xk), y G -fffc, Sfe < s < si}, 

and let us indicate by R^w the reflection in Qk of "u^iq+^a;^ with respect to H'^ , and by -R^i« the 

reflection in Qk of W\Q-\Rf. with respect to -ff^T- We can now consider Wh defined in the following 
way 

(w on 17' \ ULi Rk 

(5.40) Wh < Rtw on Rk n i^cljC^'fe) 

on \ ^^cljVfe)- 

Wh is well defined for a small, and Wh = on fi' \ il. Notice that by construction we have 



(5.41) 



71 

J2 n""-' {{S{wh) \ Ki{t)) n Qk) < e(a), 



fe=i 



where e(cr) ^ as cr 0. 

By (|5.8|l comparing Vft,(t) with Wh + g^'^{t) and in view of (|5.30|) and (|5.41l) we have 

(5.42) f fh{Vvh{t))dx< f fh{Wwh+Wg''^{t))dx + n^-\Sa^'\w)\K{t)) 



E 

k=l L 



Ki{t)nQk 



Vh{wh V 7/1 (t)) - iph{jh{t)) dH 



N-l 



e(a). 



Since by construction we have 7/1 (i) > 5 on Kf^{t), we deduce 



lim sup 

h 

Moreover we have that 
and by (|5.31|) for h large 



Ki(t)nQk 



Vhiwh V ^h{t)) - (ph{jh{t)) dH 



JV-l 



< 0. 



hiVwh + yg^Ht)) < \Vwh + Vg^^it)\^ 
\\Vwh + Vg^HtW < \\yw + Vgit)f + e{c 



Since a is arbitrary, we conclude that 



(5.43) 



limsup / fh{^Vh{t))dx <\\Wv\\^ +H''-\SS^'\v)\K{t)). 
h Jn 



If Vh^{t) ^ v{t) weakly* in BV{n), by Proposition inU we have that v{t) e SBV{n), Vv{t) € 

(5.44) Vvh^ (t) Vv{t) weakly in L^fl; K^), 
and 

(5.45) \\Vv{t)f <\imM [ h„A^Vh^it)) dx. 



By (|5.43|l we obtain 
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SO that holds. 

Let us now come to H5.27|l . (j5.28|l and l|5.29|l . Since 
that V?;(t) is a minimum for the problem 

min{||Vw|p : w G ^^^(f^), S'9(*)(i;) C 

Since Vw(t) is unique by convexity, by (|5.44|) we deduce that H5.27|l holds. Moreover H5.29|l is a 
direct consequence of (|5.45|l and H5.43|) with v ~ v{t). Finally, notice that {Vvh{t)lE,,(t))heN is 
bounded in L^{n;R^). Since Vvh{t) Vv{t) weakly in L^{n;R^) and Vw(t) € L2(r2;R^), we 
get \/vhit)lEh{t) Vw(t) weakly in L^{n;R^). By if^^ with v = v{t) we have 

limsup \\Wvh{t)lEUt)\\^ < limsup / fh{Vvh{t))dx < \\Wv{t)\\^, 
h h Jn 

so that (|5.28|) holds and the proof is concluded. □ 

We are now ready to prove Theorem 14. II 

Proof of Theorem \4.1\ Point (a) is a consequence of Corollarv 15 . 21 and of (|5.10|l . Point (6) comes 
from Corollarv 15. 31 Let us come to point (c). 

Let us consider B C [0, T] countable and dense. By a diagonal argument, we may suppose that 
there exists a unique subsequence of {vh{t), Kh{t),jh{t))hGN (which we still denote by the same 
symbol) such that Lemma [5.41 holds for all t E B. For each t E B, let K{t) be the rectifiable set 
defined in Lemma [O] 

We notice that K{t) is increasing in t. In fact if s < i and if u e dom((7(s)), where Q{s) is defined 
in Lemma l^^ there exists Uh <E BV{fl) such that Uh u weakly* in BV{Q), '^'■-^^{uh) ^ Kii{s), 
< 7/i(s) and for all h 

f fh{Wuh)dx+ f >fh{\[uh]\)dn''-' +cVh\D'uh\{n)<C 
Jn JKh(s) 

for some C independent of h. Let us set Vh := Uh — g^'^{s) + g^'^{t). Since Kh{s) (=Kh{t) and 
lh{s) < lh{t), we have that ''^^\vh) C Kh{t), \[vh\\ < 7/i(i); moreover for all h 

f fh{Vvh)dx+ ( Vh{\[vh]\)dn''-^+aVh\D%hm)<C' 
Jn Jk^H) 

with C" independent of h. We deduce that u — g(s) + g{t) € dom{Q{t)). Then by definition H5.16|l 
and by (|CT7|) . we obtain K{s) C K{t). 

Since {t K{t) : t E [0,T]} is increasing, setting 

s&B,s<t seB,s>t 

there exists a countable set B' C [0, T]\B such that we have R- (t) = K+{t) for aU t e [0, T] \ B'. 
For aU such i's let us set K{t) := iir"(i) = K+{t). 

Clearly Lemma [5.41 and Lemma [5.51 hold for all t e [0,T] \ (_B U B'). In fact, up to a further 
subsequence, we may apply Lemma l5.4l obtaining K{t) with the required properties and such that 
K{si) C K(t) C K{s2) for all Si, Sa € B and Si < i < Sa- Then we get K{t) = K{t). 

Up to a further subsequence relative to the elements of B' , we find 

{t^ K{t),te[0,T]} 

such that Lemma |5.4I and Lemma 15.51 hold for every t £ [0, T]. Notice that in particular 
n^-^{K{t)) < C", where C" is given by 

Let v(t) be a minimum for the following problem 

(5.46) min| \\\7v\\^ : v E SBV{n), S^^'^v) C K{t)Y 

Notice that problem H5.46|l is well posed since K{t) has finite 7i^^ ^-measure: moreover by strict 
convexity we have that Vv(t) is uniquely determined. 
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We claim that {t {v{t), K{t)), t e [0,T]} is a quasistatic growth of brittle fractures in the 
sense of that is in the sense of Theorem 12.21 In fact K{t) is increasing and satisfies the 
unilateral minimality property (|5.26() by construction. In order to prove the claim, we have just 
to prove the nondissipativity condition 

(5.47) £{t) = £{0) + 2 / (V«(r), V g (t)) ^2 (n.R-) dr, 

Jo 

where £{t) \\Vv{t)\\^ + n^-^{K{t)) for aU t e [0, T]. First of aU for aU t e [0, T] we have 

(5.48) Sit) > £{0) + 2 / (Vu(r), V.g(T))^2(0;K«) dr. 

Jo 

In fact as noticed in 15_, using the minimality property (|5.26|) . the map {t —^ Vv{t)} is continuous 
at all the continuity points of {t — > Ti,^^^{K(t))}, in particular it is continuous up to a countable 
set in [0, T]. Given t e [0, T] and fc > 0, let us set 



-rt, v'^is) w(s*^+i) for < s < s 



i+l 



for alH = 0, 1, . . . , A:. By (|5.2t)|l . comparing v{sf) with v{s'^^i) — gis^^i) + g{Si), it is easy to 
that 



£it)>£i0) + 2 / (V«'=(T),V(?(T))i2(n;E«)dT + e(fc), 

where e(fc) ^ as fc — > +oo. By the continuity property of Vu, passing to the limit for k — )■ +oo 
we deduce that H5.48|l holds. On the other hand for all t G [0, T] we have that 

(5.49) £{t) < £{0) + 2 / (Vu(t), V.9(r))i2(0;E«) dr. 

Jo 

In fact by Proposition 19 . 21 and by property Ij5.7(l we get 

(5.50) Th{0,Vhm 
Moreover by Lemma [5. 51 we have that for all i £ [0,T] 

Vvh{t)tE,{t) ^ Vw(t) strongly in L^{n;R^), 

where 

Ehit) ■.= l^xen : \VvHit)\ < 
By (|5.11|l and by the very definition of fh we deduce 



(5.51) Mt,Mt))<M0.Vhm) + 2 / iyvh{r)lEUr).'^9ir))mn;m)dT 

Jo 

^ I I \\7g{T)\dxdT + e{h) 

Jo Jn\E,,(T) 



la Jn\Eh{r) 

where e{h) ^ as ft. ^ +oo. Notice that by H5.12|l we have 
a 
2 

We deduce that 



'-m \ Eh{T)\ <Vh f \^Vh{T)\ dx<- [ A(V«„(r)) dx < -C. 



(5.52) Vh [ \Vg{T)\dx<{[ \Vg{T)fdx] ^h\n\Eh{T)\ 

Jn\E^{T) \Jn\E^{T) J 

[ \Vg{r)\'dxY ^0 

a \Jn\E^{T} J 

uniformly in r as /i — > +oo by equicontinuity of Vg{T). Then passing to the limit for h — > +oo in 
(ESU), in view of ifK?^ . ifTT^ . (|5?^ . l|5?5n| and if^^ we deduce that holds. This proves 
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that H5.47|) holds, and so {t — > (v{t), K{t)) : t £ [0,T]} is a quasistatic growth of brittle fractures 
in the sense of 

In order to conclude the proof, let us see that (|4.9() . 14.10|l . H4.11|l and (|4.12|l hold. By H5.51|l 
we deduce that for all t £ [0,T] 

(5.53) J^h{t,vi,{t))^£{t), 
so that by (|5.29(l and (|5.18|l we deduce that 

(5.54) H''-\K{t)) =lim f ^h{lh{t)) dn''-\ a^\D-Vh{t)m ^ Q. 



h 



Kh{t) 



Theorem 14. II is now completely proved in view of the rescaling (15. of (|5.2() . (|5.4I) and (|5.10() . □ 

6. Proof of Theorem 14.21 

In this section we will give the proof of Theorem 14. 21 Let {t {uh{t) ,T h{t) , tph{t)) : t £ [0, T]} 
be the piecewise constant interpolation of a discrete in time evolution of cohesive fracture in ilh 
relative the subdivision Is^ := {0 = t^'' < ■ ■ ■ < t^^^ — T}, the preexisting crack configuration 

(Th^'iph) given by (|4.4|l and the boundary displacement h"g{t, ^) with a £]0, 

In order to prove Theorem 14. 21 proceeding as in Section[Sl it is convenient to rescale Uh and Th 
in the following way: for all t £ [0, T] let vii{t) £ BV{n) and Kh{t) C U doVi be given by 

(6.1) Vh{t, x) {t, hx) , Kh{t) := ^r,,(i). 
Let us moreover set 

(6.2) -ih{t,x):^^ijh{t,hx)=ui&^\[vh{s)]{t,x)\y^{x) t e [0, T], a; € 17. 

/l" s<t 

It turns that {t {vh{t), Kh{t),"fh{t)) ■ t £ [0, T]} is the piecewise constant interpolation of a 
discrete in time evolution of cohesive fractures in f2 relative to the subdivision /^^ , the preexisting 
crack configuration (r,7) and boundary displacement g(t) with respect to the basic total energy 

(6.3) [ fh{yv)dx + h^-^'^ [ ^h{\[v\\\Jih{t))dn''-^ +ah^-'^\D%\{n), 
where 

(6.4) ^h{s)~^{h'^s), 



and 



2 



(6.5) hiO 

^2^2(l-„) Ofeill) if|^|>^i^ 

We have that the following facts hold: 

(a) for all t G [0, T] 

(6.6) \\vh{t)\\oo<\W'^moo<C- 

(b) for all w £ BV{Q) we have 

(6.7) f fhiVvhmdx + h^-^" f iphi\[vhm\\/j)dn''-^ +ah'-''\D''vhmn) 

< f fh{Vw)dx + h^-^'^ f M\[w]\y^)dH^-' +ah'-''\D'w\{n); 

Jn Jss^'^(o)(w)ur 



24 



A. GIACOMINI 



(c) for all w £ BV{il) we have 
(6.8) I h{yvh{t))dx + h^-^^ ( ifh{lh{t))dn''-^ +ah^-''\D%h{t)m 

< f h{^w)dx + h^-^^^ f ^^{\[w]\V-fh{t)dH''-^ +ah^-"\D-w\{n). 

Let us set for all v G BV{n) and for all t e [0, T] 
(6.9) 

J'h{t,w) / h{Ww)dx + h'-^'' [ ^h{\[w]\y jh{t))dH''-^ + ah^-''\D'wm). 

Notice that 

(6.10) Mt,Vhit)) = ^Ar+L-2 ^(^'"^^W)' 

where £{t,Ufi{t)) is defined in (|4.6|) . We can now prove Theorem 14. 21 
Proof of Theorem \4-14 By Lemma [3. 21 we obtain for all t E [0,T] 

(6.11) Mt,Vh{t))<MO,MO))+ / fU^VhiT))Vg{T)dxdT + eih), 

Jo Jn 

where e{h) — > as ft, — > +oo, and :— is the step discretization point of /^^ such that 
< i < if^Vi- l|6.7|l comparing VhiS^) and g(0) we have 



(6.12) / A(V«^(0))dx + fti 



^/.(IK(0)]|V7)-^,.(7)dH^"' 

S9(0)(,„^(0))uf 

+ afti-"|7^^i;^(0)|(r!) < ||Vff(0)f. 

By (|6.8() comparing w/i(i) and g^^(i) we obtain 

(6.13) / fd^vn(t))dx<\\^g'-(t)f, 



and since we have 

/ \rh{^Vh{T))\^ dx < A f fh{VVh{T))dx, 

Jn Jn 

by (|6.11|) we deduce that 

(6.14) [ fhiVvh{t))dx + h'-^" f iphijh{t))dn^-' +ah'-''\D'vm)<C' 

Jn JKh{t)\r 

with C independent of h and of t. By H4.3|l and H6.6|l and following Corollarv l5.3l we deduce that 
(vh(t))h<£N is bounded in BV{Q), and this proves point (a). 

Let v{t) be an accumulation point for {vhit))heN in the weak* topology of BV{il.), and let us 
consider (l C open and bounded, and such that C il. Let us set il' := il \ On^- Then we 
can extend Vh{t) and v{t) to fl' setting Vfi{t) — g^'^{t) and v{t) = g{t) on il' \ 51 respectively. We 
have Vhj (t) ^ v{t) weakly* in BV{^') for a suitable hj /" +cx), and 



(6.15) / fh,{^vh,{t))dx + h]-'" Vh,{\[vh,{m)dn^-^+ah]-"\D%h^{t)m')<C 
Jn' Js{vh.it))\r 

with C independent of j. In particular we have 



JS{vnAt)) 



with C" independent of j. Then by Proposition 19 . II we have that v{t) E SBV{n), 
(6.16) Vvh^it) ^Vv{t) weakly in ii(rj;R^), 
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and 

(6.17) \\yvit)f < liminf /_ h^{Vvh^{t)) dx. 

Finally, if we consider for all Borel sets B C il' 



and if (up to a subsequence) \j A weakly* in the sense of measures, we deduce following 
Proposition 19.11 that 

1-L^^^\—S{v{t)) < A as measures. 
Since by we have \ f ) = 0, then we have S{v{t)) C f , that is S3^*^'> {v{t)) C f . Point (6) 

is thus proved. 

Let us come to point (c). Let us suppose that </9(s) = 1 for s > s, and 7 > e > 0. Let us 
consider v € SBV{VL) with S^'^^^v) C f . Comparing Vh{t) with v — g(t) + g^^{t) by minimality 
property H6.8|l we obtain 

(6.18) [ h{^vh{t))dx + h^-^^ I <fMt))dn''-^ +ah^-''\D%h{t)m) 

< [ M^v~Wg{t)+Wg''^{t))dx + h^-^'' [ ^M\'^lh{t))dn''-\ 
Since for h large we have 

we deduce that 

(6.19) / MVvh{t))dx + ah'-"\D%h{t)m < f fh{Vv ^ Vg{t) + Vg''^ (t)) dx 
Jn Jn 

< \\Vv ~Vg{t) +Vg^>^{t)f. 

Let hj / +00 such that v-^. (t) v(t) weakly* in BV{Q). By H6.16|l we have that Vw/i^. (t) — ^ Vv{t) 
weakly in Li(f7;R^) and in view of (|6.17(l we deduce that 

\\vvit)f<\\yvr, 

so that v{t) is a minimizer of 

min{||Vw||2 : v G SBV{n), S3^'\v)cf}. 

By strict convexity, we have that Vu(t) is uniquely determined, and so we deduce that Vw/i(i) ^ 
Vu(t) weakly in i^(ri;M^). Choosing v — u{t) in H6.19|l and taking the linisup in h we have 

limsup / h{yvh{t))dx <\\yu{t)\\^, 
h Jn 

so that 



h 



lim / h{^Vh{t))dx^\\^u{t)\ 



2 



The proof is concluded thank to the rescaling (|6.1() . □ 

7. Proof of Theorem 14.31 

In this section we will give the proof of Theorem 14. 31 Let {t {uh{t),rh{t),'iph{t)) : t G [0, T]} 
be the piecewise constant interpolation of a discrete in time evolution of cohesive fracture in Q.h 
relative the subdivision 1^^ := {0 = tg'' < • • • < t^^^ — T}, the preexisting crack configuration 

{Th^i^h) given by (|4.4|l and the boundary displacement h"g{t, ^) with a> ^. 

In order to prove Theorem 14. 31 proceeding as in Section[Sl it is convenient to rescale Uh and Th 
in the following way: for all t E [0, T] let Vh{t) E BV{il) and Kh{t) C O U do^ be given by 

(7.1) Vh{t, x) {t, hx) , Kh{t) := \Th{t). 
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Let US moreover set 

(7.2) lh{t,x) := ^^Jh{t,hx) ^ni&-^\[vh{s)]{t,x)\\J ^{x), te [0,T],xen. 

It turns out that {t {vh{t), Ki^(t), Jhit)) • t in[0, T]} is the piecewise constant interpolation of a 
discrete in time evolution of cohesive fractures in relative to the preexisting crack configuration 
(r,7) and boundary displacement g{t) with respect to the basic total energy 

(7.3) h^^-^ [ h{^v)dx+ [ ifh{M\yih{t))dn''-^+ah^\D'vm, 

Jn Jss'^iv) 

where 

(7.4) iphis) := ifiih^s), 
and 

'\e if 1^1 <^ 



(7.5) MO 



•^'-^i^ + a/ji-^d^l-^i^) if|^|>^i^ii: 



Notice that by ProDOsition l3.1l we have 

(7.6) ^/.(0)||oo < ||.g(0)||oo < C, 
and for all w E BV{n) we have 

(7.7) /" MWvh{Q))dx+ f <^^(|K(0)]|V7)d7^^-i+a/i"|D^«^(0)|(n) 

</j2"-i / M\/w)dx+ [ iph{\[w]\Vj)dn'^''^ +ah°'\D''w\{n). 

We can now prove Theorem 14. 31 

Proof of Theorem \4.3\ Comparing Vh{0) and w = — C by means of H7.7|l we have 

(7.8) /i^"-! / /„(Vw„(0)) dx+ f M\{vhm\ V 7) dH^-i + ah''\D%h{0)m) 

Jn J ss'''^(o){vh{o)}ur 

As a consequence, following Corollarv l5.3l we obtain 

\Dvhio)m) < c 

with C independent of h. Since moreover ||i;/i(0)||oo < C by (|7.6|l . we deduce that {vh{Oj)heN 
is bounded in BV{fl). Let v be an accumulation point for (vh{0))heN in the weak* topology of 
BV{n). Let us prove that v G SBV{n) and that Vw = 0: in fact we have that for aU ^ e 

A(0 < /i'"~Vh(C) 

where 

'\e ifi?i<T 



(7.9) fniO ■■= 



,H^+a/i"(iei"T) if|^l>T- 
We deduce that there exists C" independent of h such that for all h 

(7.10) f fh{^vh{0))dx+ f <fh{\[vh{OmdH''-^+ch''\D%h{Q)m)<C''. 

Jn Jsiv^io)) 

By Propositioninm we obtain that v e SBV{n) and that Vv/i(0) ^ Vv weakly in L^ifl; M^). By 
(|7.8f) we obtain that 

l|Vt;ft(0)|Ui(O;K«) < ^ ' , 
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SO that we deduce Vf = 0, that is v is piecewise constant in fl. FinaUy taking the hmit in 
(|7.7|) with w piecewise constant, then we get exactly (|4.17|) . so that the proof of Theorem 14.31 is 
concluded. □ 



8. A RELAXATION RESULT 

In this section, we prove a relaxation result we used in order to study the discrete in time 
evolution of fractures in the cohesive case. 

Let / : M ^ [0, +oo[ be convex, /(O) = and with superlinear growth, i.e. 

limsup — +00. 

Let If : [0, +oo[-^ [0, +(X)[ be increasing, concave, and such that ip{0) — 0. Notice that if a :— 
(p'{0) < +00, we have 

(8.1) (p{s) < as for all s € [0, +oo[. 

Let 17 be a Lipschitz bounded open set in M^, and let d]jfl C dfl be open in the relative topology. 
Let r be a rectifiable set in U d]jfl, and let "0 be a positive function defined on F. Let us extend 
i/) to U do^ setting ^l; — outside F. Let g € W^-^{n): we may assume that g is extended to 
the whole M^, and we indicate this extension still by g. 
We will study the following functional 



F(u) 



fi\Vu\) dx + ^(IMI V ^) iiue SBV{n) 

otherwise in BV{^), 



where S^{u) is defined in H2.3|l . and a V 6 := max{a, 6} for all a, 6 G M. The functional (|8.2|l 
naturally appears (see Section IS)) when dealing with quasistatic growth of fractures in the cohesive 
case, where one is required to look for its minima. We are led to compute the relaxation of F 
with respect to the strong topology of L^(ri). The relaxation in the case F = (without boundary 
conditions but without superlinear growth on /) has been proved in . Let 

(8.3) MO ■■= inf{/(ei) + : 6 + 6 = 
where a :— (p'{Q)- We have that the following result holds. 

Proposition 8.1. The relaxation of the functional H8.2II with respect to the weak* topology of 
BV{fl) is given by F : BV{fl) — > [0, +oo] defined as 

(8.4) F(u) [ fi{\Vu\)dx+ [ ip{\[u]\ \/ iP) dn'^~'^ + alD^u], 

Jn Js3{u)ur 

where a = (p'{0) and fi is defined in 1)8. 

In order to prove Proposition 18. II we need some preliminaries. 
Let / C M be a finite union of disjoint intervals, and let J C / be a countable set. Let us consider 
the functional 

(8.5) Ht^):^ j f,{Mdx+ J2 v'(IMW)I) + E^(I^(W)|v^W) + «Im1(/) 

defined for all /i G A^b(/;]R'^), i.e. /i is a bounded M'"'-valued Radon measure on /. Here ip^ is the 
density of the absolutely continuous part /i" of /i, 5'^ is the set of atoms of /i, /i^ := /i — — /iLS*^, 
■0 is a strictly positive function defined on J, a = f'{0) and /i is defined in 18. 3|) . 

Lemma 8.2. The functional T defined in 1)8. 5|l is lower semicontinuous with respect to the weak* 
convergence in the sense of measures. 
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Proof. Since J- can be obtained as the sup of functionals of the form H8.5|l with J finite, we may 
assume that J — {xi, . . . ,Xm.}- Let /i„ ^ weakly* in the sense of measures, and let A be the 
weak* limit (up to a subsequence) of |/x„L J|. Let J :— JiU J2, with 

Ji e J : > ^W}, ^2 J \ Ji- 

Let e > be such that 

U B,{x,)CI 

and such that for all n 



|m„| [ U dB,{xM = Ia^I ( U dB,{xA =0. 
\xieJ2 / \xieJ2 / 



Let us set 

h:=I\ U B,{x,), 12-.= U B,{xi). 

Let and J-2 denote the restriction of T to A^b(/i;M''') and A^(,(/2; M'^') respectively. We have 
lim inf J- (fin) > lim inf JFi (/i„ L /i ) + lim inf T2 (/^n L /2 ) . 

n n n 

We notice that 

J^i(/i„L/i) > t/i(/^„L/i) 

where 

^^i(^) := / .fim)dx+Y^ ^(|r?({0)|)+a|^1(/i) 

for aU 7] e Al6(/i;R'=). By H Thorem 5.2] we have that 

Giifil-h) < liminf Cyi(/i„L/i), 

n 

SO that 

TiinLh) = GiifiLh) < liminf J^i(^„L/i). 

n 

On the other hand, we have 

.F2(m«L/2) = e2(Ai«L/2 \ J2) + 51 <y=(lMn(W)l V V-W), 

teJ2 

where 



g2{ri) ■■= f fim)dx+J2cpM{t})\)+a\r,^\il2) 
for aU ri e Mbih;'^'')- We have 

(8.6) liminf .F2(m„L/2) >g2{p\-l2\ J2) + V </'(A({t}) V ^{t)) 

teJ2 

>^2(/iL/2\ J2)+^¥'(V^(i)). 

teJ2 

We deduce 

.F2(/iLJ2) - 52(/iL/2 \ J2) + V (/5(V'(t)) < liminf .F2(/i„L/2), 

^ — ^ n 

teJ2 

and so we get 

Tip) J^i(AiL/i) + J^2(mL^2) < liminf J^(/u„). 

n 

The proof is now concluded. □ 
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Lemma 8.3. Let F : BV{n) [0, +oo] be defined by 

F{u):= [ fi{\Vu\)dx+ [ ip{\[u]\\/tP)dn'^-^ +a\D''u\, 

with a = f'iO) and fi as in H8.3|l . Then F is lower semicontinuous with respect to the weak* 
topology of BV{fl). 

Proof. We may assume without loss of generality that 

(8.7) n^-\T) <+oo, j ^{'^)dn^-^ <+oo. 

Firstly consider the case 1^9(5) > es for some £ > and s G [0, +00 [. Following ^ Theorem 5.4], 
we use Lemma to obtain the lower semicontinuity in the one dimensional case, and we recover 
the A^-dimensional case using a slicing argument. 

Let us consider 17 open and bounded in such that 17 C f2, and let us set Q! :— VL\ d^Q,. 
The lower semicontinuity of F is equivalent to the lower semicontinuity of 

(8.8) F'{u):^[ fi{\Vu\)dx+ [ ip{\[u]\\/ ^p) dH^-^ + alD^'uHCl) 

Jn' Js{u)ur 

defined for all u e BV{fl') with u = g on il' \ ft. In order to prove the lower semicontinuity of F' , 
it is convenient to localize the functional, i.e. for every open set A C f2', and for every u G BV{fl') 
with u — g on Q' we consider 

(8.9) F^{u):^ [ fi{\Vu\)dx+ [ ^(|[u]| V ^) dH^-^ + a|D"u|(A). 

JA J An{S{u)ur) 

Let e £ M.^ with |e| = 1: for every open set A C 17', and for every u G BV{rt') such that u — g on 
17' \ 17 let us set 

(8.10) f;_,(u):=/ f,i\{Vu,e)\)dx+ [ \(^,e)\ipi\[u]\V ^j) dTi''-' + a\{D^u,e)\iA). 

JA J An(s{u)ur) 

Here 1/ denotes the normal to the rectifiable set S{u) U F. 

By the general theory of slicing (see |4i Section 3.11]), we have that 

(8.11) f:,Ju)= [ GAd<)dy, 



where tTe is the hyperplane through the origin orthogonal to e. Ay :— Ar\ {y + te,t £ R}, 
Uy{t) := u{y + te), and 

(8.12) Ga5(u^):= / fii\iuiy\)dt+ mu]\iy + te)V^I;iy + te))+a\D^ul\iAl). 

t6(A-n(s(u-)ur-)) 

Let us consider ii„ e BV{Vl') such that w„ = 5 on 17' \ 17, and such that Un u weakly* in 
BV{V,'). Then up to a subsequence for a.e. y G TTe, we have (w„)^ — > Uy strongly in L^((17')^). 
For every open set A C 17', we claim that for a.e. y G ne we have 

(8.13) Ga^^{uI) < linrmf G^e((u„);). 

In fact, if liminfji Ga" ((uti)^) < +00, we get (u„)^ ^ Uy weakly* in BV{{Q')y). Moreover notice 
that for a.e. y G tTc {dD^)y is finite, and by H8.7|l Ty is countable. So in relation with these y's, it 
is sufficient to set / := Ay and J :— (9d17)5J U F^, and to apply Lemma IH?^ to fin '■= D{un)y. 
Using Fatou's Lemma, by H8.11|l and (|8.13|) we get 

(8.14) F;,,(u)<liminfF;,,(^.„). 
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Let X:^C^ + n'^-^l.{S{u) U T) + {D^ul, and let B := {e^} be countable and dense in 5^-^ 
{cc G : |x| = 1}. U E U T) is a C'^ negligible set on which D^u is concentrated, 

let us define 

' fi{\{Vu{x),ej)\) if a; e \ {E U S{u) UT) 



f'Jx) := { \{iyix),ej)\ip{\[u]ix)\\/^Jjix)) if x G U T 



l(-P'^",e,)| 



\D'=u\ 

where ^{x) denotes the normal to the rectifiable set S{u) U F at the point x. 

For every Ai,...,Ak disjoint open subsets of fl, and for every ei,...,efc G -B, since /i is 
increasing, we obtain that 

k k 

(8.15) liminf F'(u„) > V liminf i^^ . (zi„) > Vliminf F^,. ^.(u„) 

n — ^ n ^ — ^ n ^ ' ^ 

(8.16) >E^A,.e,(")-E / /i^^- 

Applying ^ Lemma 2.35], we deduce that 



.17) liminf F'(u„) > / sup /' dA = i^'(w), 

Ja j 



'A j 

so that the Lemma is proved under the assumption if{s) > es. 

The general case follows observing that setting (pe{s) :— (p{s) + es, and letting be the 
functional defined in H8.4|l with (p^ in place of if, we have 

F{u) < F,{u) < F{u) + 2e\Du\{n). 

□ 

Let us now come to the proof of ProDOsition l8.ll 
Proof of Proposition \8.1l We can assume without loss of generality that 

(8.18) / ip{'<P)dn^-^ < +00. 



Following Lemma HOI let us consider fl open and bounded in such that O C fi, and let us set 
n' := n\ On^- Let us consider the functional 

' J^fi\Vu\)dx + ifil [u] I V ^) dn""-^ Hue SBV{n'), u^gonQ'Xn 



.19) F'{u) := 

le relaxation ri 
the weak* topology of BV{il') is 



-oo otherwise in BV{^1'). 

The relaxation result of Proposition l8.1l is equivalent to prove that the relaxation of (|8.19|) under 



(8.20) F'{u):^ / fi{\Vu\)dx+ / ip{\[u]\\/ ^P) dH^-^ + alD^uHn') 

Jn Js{u)ur 

if M e BV{n'), g on Q' \ and ^^(u) = +oo otherwise in BV{fl'). 

Following it is useful to introduce the localized version of l|8.19|l : namely for all open set 
Ac fl' let us set 



.21) F'{u,A):= [ f{\\/u\)dx+ [ ip{\[u]\ ViP) dU'' 

JAnn JAn(s(u)ur) 



lAnn JAn{siu)ur) 

if u G SBV{^1'), u — g on n' \ n, and F'{u,A) — +oo otherwise in BV{il'). Let us indicate by 
F'{u, A) the relaxation of H8.21|) under the weak* topology of BV{^1'). 
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Arguing as in ^6, Proposition 3.3], we have that for every u e BV{fl'), F'{u, •) is the restriction 
to the family A{fl') of all open subsets of fi' of a regular Borel measure. Since for all u £ SBV{fl') 
with u = g on ^' \ n and for all A g A{^1') we have 

(8.22) / f{\Vu\)dx+ [ ip{\[u\\)dn'^-^ < F'{u,A) 
J Ann J Ar\S{u) 

<f f{\Wu\)dx+ f / ^{^)dH''~\ 

JAnn JAnsiu) JAnr 

by Theorem 3.1] we obtain that for aU u e BV{il') with u = g onn'\n and for all A e A{fl') 
with A n do^ = 

(8.23) / h{\Vu\)dx+ f ip{\[u]\)dn^-^ +a\D^u\{A)<F'{u,A) 
JAnn J AnS{u) 

<f h{\S/u\)dx+ [ ^{\[u]\)dn''-^ +a\D'u\(A)+ [ ^{^)dn''-\ 
JAnn JAnS{u) JAnr 

As a consequence of (|8.23|l . we deduce that 

F^{u,-)l.{n'\{S{u)urudD^)) = fi{\'^u\)dC^]_n + a\D''u\. 

In order to evaluate F'{u, ■)\_{S{u) U F U do^): we notice that for all A e A{n') and for all 
u e SBV{n') with u onQ'Xn 

fii\\7u\)dx+ [ ^{\[u]\V'ilj)dn'^-'^ + a\D'^u\{A)<F'{u,A), 

Ann JAn{S{u)ur) 

and since the left hand side is lower semicontinuous by Lcmma l531 we get that for all u e BV{n') 
with u — g on Q' \ rt 

(8.24) / h{\\/u\)dx+ [ ^{\[u]\Vij)dn^-'^ + a\D'=u\{A) <F^{u,A). 
JAnn JAn{s{u)ur) 

By outer regularity of F'{u, •) we conclude that 

'r{u,E)> [ <f{\[u]\Vij)dn^-^ 

J E 

for all Borel sets E C S{u) U F U do^- We have to prove the opposite inequality, namely 

F^{u,E)< [ <f{\[u]\Vij)d-H'^-^ 

JE 

for all Borel sets E C S{u) U F U dn^- Without loss of generality we may assume that 

ip{\[u]\) dn""-' <+oo, 

S{u} 

and by a truncation argument, we can suppose that u^q G L°°{^). Let JsT be a compact subset of 
S{u) U F U Od^, £ > 0, and let A^ be open with K C A,, and 

\Du\{A,\K) < e, [ Lp{i>)d-H^-^ <e. 

J{A,\K)nr 

We can find Uh E BV{fl') with = g on il' \ n and such that Uh is piecewise constant in (that 
is {uh)\n e SBV{n) with Vu^ = in ft), Uh u strongly in L°°{Q), and \Duh\{A^ \K) < e. 
Since is piecewise constant in we have for all h 

(8.25) F^iuh,A,)< [ ipi\[uh]\\/^)dn^-\ 

JA,niSiu^)ur) 
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We conclude 

,N-1 



.26) F'{u,A^) <ynTLiniF'{uh,Ae) <Yimmi I ^p{\[uh]\y tp) dH 

< I ip{\[u]\yilj)dH''-^ + a\Duh\{A,\K)+ f ip{i;)dn 

JKn(S(u)ur) J(AAK)nr 



< / ^{\[u]\y^)dn'^-^ + ia + i)e 

JKn{S{u)UT) 



so that, letting £ — > we obtain 



F'{u,K) < [ (p{\[u]\Wtlj)dn^ 

JKniSiuWD 



,N-1 

lKn{S{u)ur) 

Since K is arbitrary in S{u) U F U Od^, the proof is concluded. □ 



9. Two AUXILIARY PROPOSITIONS 

In this section we prove two propositions we used in the proofs of the main theorems of the 
paper. For all /i e N let us consider fh:R^ ^ [0, +00 [ such that for all ^ e 

(9.1) MO / MO > min{|^r " 1, W} 
with bh — > +00, and let iph ■ [0, +oo[— > [0, 1] be such that for all s G [0, +oo[ 

(9.2) iph{s) > mm{chS,dh} 

with Ch +00 and rf^ 1 for /i — > +00. 
The following result holds. 

Proposition 9.1. Let C M.^ be open and bounded, and let us consider the functionals 

Fh{u):=y] / M^Ui)dx+ / ^h{\[ux]\y ...y\[um]\)dn''-^+ah\D<'u\m 

Jn Js(u) 

«/ M = . . . , Mm) G R™), and Fh{u) = +00 otherwise inBV{Vl;W"). Let at ^ +00 for 

h +00. IfFh{u^) <C andu^ weakly* in By(rj;]R"), we have u e 5By(f];R"), 

(9.3) Vu''^Vu weakly m L^n-W^""^), 

(9.4) ||VM,f < liminf / /,,(VM,'')da;, i = l,...,m, 

h Jq 

and 

v...vif«iii)dH^-i. 



(9.5) H^-i(5(«))<liminf / MHW 



Proof. Let us consider e BV{n; M™) such that Fhiu^) < C and ^ « weakly* in BV{n; M™). 
Notice that (Vu^) is equintegrable. In fact if rh is such that for all |^| < rh 

\e - 1 < bn\^\ 

we get for alH = 1, . . . , m and for all E CQ 

(9.6) / \Vu^\dx< [ \Vu'l\dx+ [ \Vu^\dx 

< I / Wu^l'^dx] \E\i + I \Wv!'\dx 



{\Vu>l\<rh}nE I J {\Vu'l\>rh}nE 



< 



i^jj^fhiVu^i) + 1) d:^ ' 1 + 1 ^ /h(Vuf ) dx < s/C+l\E\ + £, 
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where \E\ denotes the Lebesgue measure of E. This proves that Vw/i is equintegrable. Up to a 
subsequence we may suppose that for all i = 1, . . . , m we have 

Vu'l^g^ weakly in Li(r2;R^). 

Since ah — > +00, we get D'^u^ — > strongly in the sense of measures. 

Let us consider -0 : R — > M bounded and Lipschitz, and for alH = 1, . . . , m let us consider the 
measures 

^,'^{B)■.= D^^{u'niB)- f il;'{u1)Vu'^dx, XHB) '-^ f dH^"'', 
where _B is a Borel set in fl. We have 

(9.7) \Di;{u1)-ij\u1)^u1d^''\ < II^II^.A^ + IIV-'llooli^^^fl 
where 

{ ^h(\t-s\) J 

Up to a subsequence we have 

Mf ^ Di;{u,) - ij'{u)g, dC"" , Af - A, 

weakly* in the sense of measures, and so by (|9.7|) and since D'^u'^ strongly in the sense of 
measures we get 

\DiP{ui) -iP'{u)gid£'^\ < (sup^/'-infV')Ai. 

As a consequence of SBV characterization (see jll Proposition 4.12]), we get that Ui E SBV{n), 
Vu, = g^ and H^^^ LS'(u,) < A, for aU i = 1, . . . , to. We deduce that (|n3|) holds. 

In order to prove (|9.4() . for every M > let gf^ be the weak limit in L^{il) (up to a subsequence) 
of |Vu^| A M. Since fhiO ^ IfP uniformly on [0, M], we have 

(9.8) f <liminf / A(Vu^)dx. 

'» Jn 

Then as M ^ +00 and summing over i we have that H9.4I) holds. 

Let us come to (|9.5|l . If A is the weak limit in the sense of measures of 

x\A):^ [ M\[4]\y---y\[ut]\)dn''-\ 

Js(u'')nA 

we have that Ai < A for alH = 1, . . . , to. Since we have 'H^~^\—S{ui) < Xi for alH = 1, . . . , m, 
we deduce that Ti'^-^LSiu) < X. Then we get that holds. □ 

Let ah — > +00, and let us consider (ph '■ [0, +oo[— > [0, 1] increasing, concave, f{0) = 0, </?'(0) = ah 
and such that 

(9.9) ^h / 1. 

For all /i e N let us consider : ^ [0, +00 [ such that for all ^ e R 

f If P Ifl < ^ 

(9.10) h{i) = \ } ~ ' 

Let us consider $7 open and bounded in M^, and let C be open in the relative topology, 
c^Aril :— \ do^- Let us consider f C SI with H^^^{T) < +00, and let 7 be a positive function 
on f . Let us extend 7 to 17 setting 7 = outside f . Then the following proposition holds. 

Proposition 9.2. Let g G H^{fl) with ||.g||cc < +00, and let us consider the functionals 

(9.11) Th{u):= j fh{Vu)dx+ j <ph{\[u]\\J^)dn''-^ + ah\D'u\{n) 

Jn Jruss(M) 

if u Cz BV(fl), where fh and fh o,re as in H9.10|l and 19.9|l . Then 

inf Thiu) inf J^iu) 
ueBV{n) ueBV(n) 
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where 

' |Vii||2 + 7^^-i(f US'f(M)) u(^SBV{^l) 
foo ue BV{n)\SBV(Vl). 



(9.12) Tiu) 



Proof. In order to deal with S^{u) as an internal jump, let us consider Q, C open and bomided, 
and such that C Let us set Q! := Vl\ dp^Q,. Let us consider the functionals 

K{u):= I hiWu)dx+ I iph{\[u]\y-i)dn''-^+an\D-u\{n') 
Jiv Jrus(ti) 

for u e BV{il') such that u = g on fi' \ 51, and ^^(it) = +00 otherwise in BV{^1'). In order to 
prove the lemma we can equivalently prove that 

inf J-^'h(u) — > inf T'iu), 
ueBV{n') ueBV{n') 



where 

(9.13) T'{u) 
Let us consider 

(9.14) g'M 



Vu||2 + H^-i(r U S{u)) u e SBV{n'), u = gonn'\n 
'OO otherwise in BV{fl'). 



1 00 



(9.15) g'{u) 



r^{u) u&BV{n'),\\u\\oo<\\9\\ 
+00 otherwise in BV{Vl'). 

We have that {Q'f^)heti is an increasing sequence of functionals which converges pointwise to 

V'(w) U e W(fl') JI"l|oo < ||.9||co 

+00 otherwise in BV{Q,'). 

By Lemma 18.31 t7i. is lower semicontinuous with respect to the weak* convergence in BV{Q!), and 
so by 10, Proposition 5.4] we deduce that Q'j-^ F-converges to Q' in the weak* topology of BV{^'). 
As a consequence of Proposition lT^ we deduce that infsy(f2') Q'^ ^ iuf_BV'(o') Q' ■ By a truncation 
argument, we have that infsy(r2') Q'h — iiifsy(r2') and infBy(si') Q' — infBy(o') so that the 
proposition is proved. □ 



ACKNOWLEDGMENTS 
The author wishes to thank Gianni Dal Maso for many helpful and interesting discussions. 

References 

[1] Ambrosio L.: A compactness theorem for a new class of functions of bounded variations. Boll. Un. Mat. 
Ital.3-B (1989), 857-881. 

[2] Ambrosio L.: Existence theory for a new class of variational problems. Arch. Ration. Mech. Anal. Ill (1990) 
291-322. 

[3] Ambrosio L.: A new proof of the SBV compactness theorem. Calc. Var. Partial Differential Equations 3 
(1995), 127-137. 

[4] Ambrosio L., Fusco N., Pallara D.: Functions of bounded variations and Free Discontinuity Problems. Claren- 
don Press, Oxford, 2000. 

[5] Barenblatt G.I.: The mathematical theory of equilibrium cracks in brittle fracture. Adv. Appl. Mech. 7 (1962), 
55-129. 

[6] Bouchitte G., Braides A., Buttazzo G.: Relaxation results for some free discontinuity problems. J. Reine 

Angew. Math. 458 (1995), 1-18. 
[7] Brezis H.: Operateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert. 

North-Holland, Amsterdam, 1973. 
[8] Carpinteri A.: Size effects on strength, toughness, and ductility. Journal of Engineering Mechanics 

(A.S.C.E.)llh, 1375-1392. 

[9] ChamboUe A.: A density result in two-dimensional linearized elasticity, and applications. Arch. Ration. Mech. 
Anal. 167 (2003), 211-233. 
[10] Dal Maso G.: An Introduction to V -Convergence, Birkhauser, Boston (1993). 



SIZE EFFECTS ON QUASISTATIC GROWTH OF FRACTURES 



35 



[11] Dal Maso G., Prancfort G.A., Toader R.: Quasi-static growth of brittle fractures: the case of quasiconvex bulk 

energies with applied body and surface forces. Preprint SISSA 2003. 
[12] Dal Maso G., Toader R.: A model for the quasistatic growth of brittle fractures: existence and approximation 

results. Arch. Ration. Mech. Anal. 162 (2002), 101-135. 
[13] Prancfort G.A., Larsen C.J.: Existence and convergence for quasistatic evolution in brittle fracture. Comm. 

Pure Appl. Math.56 (2003), 1465-1500. 
[14] Prancfort G.A., Marigo J. -J.: Revisiting brittle fractures as an energy minimization problem. -J. Mech. Phys. 

Solids46 (1998), 1319-1342. 

[15] Giacomini A., Ponsiglione M.: A discontinuous finite element approximation of quasistatic growth of brittle 
fractures. Nonlinear Func. Anal. Optim. in press. 

[16] Goodier J.N.: Mathematical Theory of Equilibrium Cracks in Practure: An advanced treatise, Vol. II, Mathe- 
matical Pundamentals, ed. Liebowitz H., 1-66, Academic Press, New York, (1968). 

[17] Rice J.R.: Mathematical Analysis in the Mechanics of Practure in Practure: An advanced treatise. Vol. II, 
Mathematical Pundamentals, ed. Liebowitz H., 191-311, Academic Press, New York, (1968). 

[18] Sih G.C., Liebowitz H.: Mathematical Theories of Brittle Fracture in Practure: An advanced treatise. Vol. II, 
Mathematical Fundamentals, cd. Liebowitz H., 67-190, Academic Press, New York, (1968). 

(Alessandro Giacomini) S.I.S.S.A., Via Beirut 2-4, 34014, Trieste, Italy 
E-mail address, A. Giacomini: giacominSsissa.it 



